
TECHNISCHE UNIVERSITÄT BERLIN Summer semester 2019
Faculty II - Institute of Mathematics
Lecturer: Prof. John M. Sullivan
Assistant: Max Krause
Hand-in date: 21.06.2019

Differential Geometry I
Exercise Sheet 9

Exercise 1 (5 points)
Let p be a point on a surface M where the Gauss curvature does not vanish. Consider a
sequence of regions Bn ⊆M which shrink to p in the sense that any small ball around p
contains all but finitely many Bn. Let An denote the area of Bn and Gn the area (in S2)
of its image under the Gauss map. Prove that the Gauss curvature at p is given by

|Kp| = lim
n→∞

Gn

An

(Hint: Apply the mean value theorem for the integral.)

Exercise 2 (3 + 3 + 3 points)

(a) Let x(u1, u2) be a regular surface patch and c(t) = f ◦γ(t) = x(u1(t), u2(t)) a curve
that is contained in the surface. We would like to know for which choices γ(t) =
(u1(t), u2(t)) the curve c is a geodesic. Derive the following geodesic equation:

ük +
∑
i,j

u̇i(t)u̇j(t)Γk
ij(c(t)) = 0, k = 1, 2

(b) Compute the Christoffel symbols for the torus

x(u1, u2) = (cosu1(R+ r cosu2), sinu1(R+ r cosu2), r sinu2)

(c) Show that the following curves on this torus are geodesics: x(·, 0) and x(·, π), and
x(u0, ·) for any constant u0 ∈ R.

Exercise 3 (6 points)
Let S2 ⊆ R3 be the unit sphere, and Ch the set {(x, y, z) ∈ S2 | z = h} for some fixed
0 < h < 1. Then Ch can be parametrized as a closed curve. Let T be a unit tangent
vector to this curve at some point p. Let P± : TpM → TpM be the parallel transport
once around Ch (depending on the orientation of the curve). Determine the angle that
P±(T ) makes with T .
(Hint: You might want to consider Ch as a curve on a cone, and show that the parallel
transport along Ch on the cone yields the same vector.)
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Point total: 20
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